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ABSTRACT

Phaseambiguity resolutia is one of the main prodems
in geocktic technigqiesinvolving electromagetic phase
measuements.For repat-pasgada interfecometry the
phasedifferencebetweentwo resoldion cellsin an in-
terfelogramusually reflectsa topagraphic height differ-
ence line-of-sight surfacedefamation,andatmosphec
delay or a combiration of the three. Corventionaltech-
nigues for two-dimensional phaseambigtty resolution
comnonly referedto as‘phaseunwrapping, applypath-
following integration methals, using heuistic assump-
tions on the maximum phasegradien betweenadjaceh
resolution cells. If severd SAR acquisitiors are avail-
able,constraintsanbeintrodwcedto estimatephasedif-
ferercesbetweertwo resolutioncells, irrespetive of the
phasebehaior of resolutio cellsin betweentheseob-
senations. This is advartageousj.e., whenareasof the
dataare very noisy and only a few coheent resolution
cellscanbeidentified We candescrile theinterferanet-
ric phaseobsenationsasa linearfunctionof topagraphc
height (depeiding on the geanetric satellite configua-
tion), surfacedefamation (depexdentof the time inter-
val betweerthe obsenrations),andthe integerambiguity
paraneters,regading the atmosphec signalasa com-
porentof the stochastianodel. Hence the prodem s to
resolhethereal-\dluedunkrmwnsandtheintegeramhbgu-
ities. In this paperit is demorstratechow theintegerleast-
squaesprinciple canbeappliedfor thisprodem,andhowv
a priori estimatesn the successatesof the methodcan
be given basednthe satelliteacquisitioncharateristics.

INTRODUCTION

Spacebrne syntheticapeture radar (SAR) interfelom-
etry hasbecomean increasinty appliedgeodetictech-
nique for topagraphic mapping surface defornation
moritoring, and atmosphedc water vapa mappng, see

e.g.BamlerandHartl (1998); Hansser{2001) for a gen-
eral introduction of the techniqe. Interferometricradar
dataprocessingis an elaborte procedure,involving the
focusirg of the raw datato comgex SAR images,the
alignmen and comgex multiplication of two imagesto
form an interferagram, and severd processingstepsto
convertthephaseof theinterfelogramto, e.g.,ageaoded
digital elevation modelor surfacedefornationmap.One
importantstepin this procedurds theso-calledohaseun-
wrapping or integerambiguty resolution in which rel-
ative phaseobserations,measureanodudo 2, arecon-
vertedto absolutephases.

The problemof 2D phae unwrappingin rada interfer
ometry relies heavily on assumptias on (i) the maxi-
mum phasegradent and (i) the preseration of coher
encebetweenadjaceh obserations(pixels or resoldion
cells). Steepgopogaphicslopescomhbinedwith largeper
pendcular baselinedbetweerthe satellites,or high rates
of surfacedefomationfail to fulfill the first assumption
while spatiallyvarying degreesof tempaal decarelation
(chargesin the backscattecharateristicsof theterrain)
hampe thesecondne.As aresult,therearemary cases
in which corventioral phase unwrappingis not possible
or provideserron@us or non-wniqueresults,making the
devdlopmentof alternatve method necessary

For a singleinterfeogram we canwrite the genealized
functional modelof linear({zed) obserationequatios as

W(¢p - ¢q) = ¢p,q
=A [Hpﬂ Dy, kp,q]T +e,+ e,
A=2n[kB| &k -—1]
k=2/A
B'| = —-B, /(Rsin§°)
1)

where

¢ ¢p,q istheobsered phasedifferencebetweertwo pix-
elsp andg,

« W(.) is thewrappirg opeator, with

W(¢) = mod(¢ + 7, 27) — m,

« Aisthedesignmatrix, with B, thenormalcompnent
of the interferometricbaseline,R the slantrangeandé®
therefererceinciderceangle

« H,, € R is the unknown topogaphic height differ-
ence,

« D, , € Ristherelatve surfacedefomation,and

o ky 4 € Zistheintegerambiguty.
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We omit the subscriptgp, ¢ from now for brevity, stress-
ing that we are involved with interferanetric phasedif-

ferences The error term e, expressesthe atmosphec

erra with E{e,} = 0 andD{e,} = f(I), wherel is the
distancebetweenthe two pixels. It is clearthatin this
formulationthe designmatrix A hasa rank defectof 2,

andevenif either H or D wereknown, theintegeram-
biguty still resultsin arankdefed. Sinceasingleradar
interferograndoesnotintroduceary redurdang to solve

this prodem, assumptiongor phaseunwrappingasmen-
tionedabove areunavoidable, evidently leadingto erras

or manual correctionsin lessthanidealsituations.

It hasbeenshawvn (Ferrettiet al., 1996,2001) that the
availability of severalradaracquisitionsover anareacan
be usedto add obserationsto the prablem of eq. (1).

In fact, the availability of IV radaracquisitiors leadsto

(N2 — N)/2 possibleinterferometriccombirations, of

which N — 1 areuncarelated. Sucha seriesof inter

ferograms,all alignedto the samereferencegrid, is re-

ferred to asa stackof interferograns. Neverthelessthe
integer ambiguity problemstill need to beresohed In

the following we describehow a procedire labeledinte-

ger least-squees develgpedby Teunisser{1993 canbe

usedfor this type of prodem. We limit oursehesfor this

first evaluationto the problem of linear defomationrate
estimationassuminghattopagraphc phasecomponents
areeliminated.Extensiom of themodé to moreunkrowns

is relatively straightbrward.

MODEL

Supmse M radaracquisitiors are availableover anarea
shawing linear defomation, e.g., subsidene dueto the
extractionof hydrocabons.Choosingasuitablerefererce
imageat time ¢; it is possibleto createinterfergyrams
with respecto this referaxceimage Usinga backscatter
amplitude basedselectionmechaism, seeFerrettiet al.
(2001) we can detectrandanly distributed single pix-
els which behae as permarnt scatteers. thesehave a
high phaseaccuag (o0, < 5 degrees)andbetave sys-
tematicallyin time. The phaseobsenrations for times
[t1.-ti—1,tiy1--tn] Detweerevery pair of permamntscat-
tererscan be written in a linear mockel of obseration
equdionsas:

for 1 [ kA —2m 11 o
. . w1
Pi-1 kAti_l . .
E{ Pi+1 }: kAt 11 Wi—1
. . Wit1
Pn k At,, —27
L s | 1 0 - 0] Lwnl

)

whereyp; reflectsthe obsered interferometricphasedif-
fererceatt = t; betweertwo permanentscatterersPa-
rametes to be estimatedarev € R, thedefamationrate
(inm/y)andw; € Z with j = 1...n\3, theintegeramb-

guitiesfor every obsevation. Sincethe designmatrix has
arankdefect,apseudmbsevationv s is addel to theob-
senationvector Factork = —4x/X andAt; = t; — t;,
with ¢ expressedn years. The variarce of the interfer
ometric phaseis derived from the signal-to-mise ratio
of the amplitudesof the point scatterer{Ferrettiet al.,
2007).

The solutionof this prodem canbe found usingthe in-
teger least-squaresethalology, which can be divided
into three different steps. First, the integer constraits
on the unkrown ambiguties w; aredisregaded,assum-
ingw; € R. Perfoming a standardeast-squasadjust-
ment,we find the so calledfloat solutiongiving thereal-
valuedestimate®f v andw, togethe with theirvariarce-
covariancematrix

ol | Qs Qow
[117] ’ [Qwo Qw] ' 3

In the secondstep,the float ambiguty estimatew is used
to compue the correspading integer estimate,dended
byw. Thisis equivalentto solvingtheminimizationprab-
lem

min (@ —w)" Q' (0 — w) — W 4)

weZ"—1

in the metric definedby the varian@-covariance matrix
Q4. If Qg isdiagoral, thesolutionof eq. (4) canbesim-
ply obtaired by rourding the float solutionto the near
estintegersolution. However, oftenthe float ambigtties
are correlatedresultingin an elongded, n — 1 dimen-
sionalerra ellipse. As a consegence,simple rourding
of the float solution may not resultin the bestestimate
for the integer ambiguty. A decorréation procdure,
termedleast-squareambiguty decorréation adjustment
(LAMBD A) hasbeendevelgped as a rigorous and effi-
cient way to compue the integer ambiguities, seee.g.,
Teunissen{1993); de JongeandTiberius (199%). Finally,
oncethe integer solutionis computed, it is usedin the
third stepto correctthefloat estimateof v to find thefixed
solution,using

b= — Qoa Qg (i — ) 5)

hence the unwrappedphaseobserationscanbe written
asy + 27w.

EXAMPLE

Figure 1 shavs a simulationof ambiguty resolution be-
tweenthree permamnt scatterersn a stackof 12 radar
acquisitiors, acquiredrregularly overaperiodof 6 years.
The three permamnt scattererdorm a triangle and the
phasediffererces of the threesidesof the triangle are
shawn in thethreerows of fig. 1.

Theleft columnof plots shav the simulateddataasred
crosses. The simulateddata are nomally distributed
arourd their ‘true’ values with o, = 5 degrees,whichis
arealisticvaluefor dataselectedvith anamplitutde SNR
of 4 ormore(Ferrettietal., 200L). Thedatausedasinput
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Fig. 1. Simulaton of integerleast-squaresimbiguity resoluton for threepermanenscatteers,visible in 12 rada acqusitions over a period of 6 years.
Theleft columnshaws the absolue andrelative (wrapped) phasedor the threesidesconneting the threepixels. Theright columnshaws the result
of theinteger ambiguty resoluton (reddiamonds)andthe entire adjustmat (greencrossesandline).

in the integer least-squaresimulationare ‘wrapped’ to
the[—m, ) intend, indicatedby thetwo horizantal blue
lines. Thewrappeddataareindicatedby the bluecircles.
Thus, the challeng of the problem is to derive the posi-
tionsof theredcrossedrom the bluecircles.

In the right column of plots, the resultsof the estimation
aregiven Sincethe 12 radaracquisitiors resultin 11in-
terfelograms,we useoneacquisitionas refererce (mas-
ter). Here therefererreacquisitionatt = 4 yearsis used:
it is visiblein theleft colurm, but notin theright column
All ‘unwrapped resultsarevettically shiftedwith respect
to this refelencepoint. The red diamond show the un-
wrapped datawhile the green crossesconneted by the
greenline to indicatethe constandefomationrate,shov
theresultsof thetotal adjustmeh A pseudabsenration,
seeeq.(2), isintroducedin orderto givethedesignmatrix
full rank. Sincethedefamationcanbepositve aswell as
negative, we usedzeroaspseuw obsenation,with astan-
darddeviation of 10 rad/yearto quarnify ourknowledge,
or better uncetainty, of the expecteddefomationrate.
Compaing the simulatedabsolue datain theleft column
with theresultsof theinteger adjustmenin theright col-
umnshaowvsanexcellert agreemen In thefollowing para-
grah, we shaw thatit is possibleto determire the proba-
bility of asuccessfuhdjustmenbasedntheaccurngy of
the dataandthe numberandtempaal distribution of the
acqusitions.

SUCCESSRATE

Several possibilitiesfor integer amhguity estimationare
available. Simpleroundng doesnot take the stochastic

partof the obserationsinto accoun, in contrastto boot-
strapping(aform of sequentiatondtional least-squares)
and integer least-squaes. Teunissen(1999 hasshavn
that the integer least-squareestimatoris optimal in the
sensethat it maximizesthe prabability of correct inte-
gerambiguty estimation.Unfortunatelythis probability,
known asthe successate,is difficult to conputenumreri-
cally for theinteger least-squaresstimator For theboot-
strapestimatoyhowever, it is relatively easyto compuute.
Sincethe integer least-square methodoutperforns the
bootstrapmethal, thebodstrappeduccessatecanbere-
garcedasalower bourd of the actualsuccessateapgy-
ing the integer least-squars method(Teurissen,1999.
Consequsetly, it is possibleo verify thepotertial feasibil-
ity of applying integerleast-squasambiguity resoluion
onagivensetof databeforearny actualconputations.
The success-ratés definedas P(w = w), and canbe
derived from Q ;, by deconposingQ, = L D LT. It can
bewrittenas

n

0§P(1D:w):H[2<I>(

i=1

1

20’“[

-1]<1 @

Whereaz?ll are the condtional varian@s, which are the
diagoral elementof D. Thefundion ®(z) is definedas:

d(x) = /700 %ﬂexp{—%vz}dv @)

The variarce-cozariancematrix of the float solution@ ,
seeed. (3), necessanfor compuing the succesgates,
can be corstructedfrom the designmatrix, seeeq. (2),
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and the variarce-covariancematrix of the obsevations
@,. Hence knowing the satelliteacquisitiontimes and
the a prioni variancesof the obsenations and pseudo-
obsevations,we candecidewhetrerintegerleast-squares
estimationis feasibleandreliablefor a specificapplica-
tion.

In fig. 2, the a priori compued successatesare plotted
aganstthenunberof satelliteacquisitions Sincethesuc-
cessrateis not only dependentof the numtler of acquisi-
tions but alsoon their tempoal distribution, every plot-
tedvalueis the average of 100 simulationswith rancom
tempaal distributions. Basedon thesevalueso,,, = 10

1

Success rate
o
1

2 4 6 8 10 12 14 16 18 20
Number of acquisitions

Fig. 2. The probabilty of succesfulambiguity resolutbn, or succes
rate, expresse as a function of the numberof acqusitions, ran-
domly distributed over a period of 6 years,using fixed phaseac-
curadesandpseudoobsenations.

rad/y) it is evidert that12 or 14 acquisitionsaresuficient
toresoletheambiguties successfullyn mostcasesOb-
viously, in pradice theactualdistribution of theradarac-
quisitiors need to beappliedfor anoptimal evaluationof
thefeasibility of thetechniqie.

CONCLUSIONS

We have shavn thatthe phaseambiguty resolutionprob-
lem for stacled rada interferanetric datacanbe formu-
latedasan integer least-squas prablem. This formula-
tion providesa rigorous andefficient alternatve for esti-
mating parametes relatedto surfacedefamationor to-
pogaphyfrom seriesof radaracquisitions An importar
practicd adventageof ambiguty resolutionusinginteger
least-squags estimationis thatan a priori estimateof (a
lowerbourd of) thesuccessatecanbederived,yielding a
quartitative estimateof the feasibility of the method Fu-
ture investigationswill focuson extendng the mocel for
batchestimationof groupsof points,including topoga-
phy estimation evaluatirg the stochastianodel,andap-
plying themethda to practicalproblems.
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